Gauged supersymmetric cr— models and soft breaking terms 
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Supersymmetric non-linear cr-models in four dimensions with D-term potentials can sometimes 
have a singular metric. As the kinetic terms of scalar fields and their chiral fermionic partners are 
determined by this metric, it follows that their kinetic energy vanishes in the vacuum. In previous 
work we have shown for a simple model that this degeneracy of the sigma-model metric can be 
lifted by soft supersymmetry breaking terms. In this letter I introduce soft breaking terms in more 
realistic models based on SO{10) and Ee and compute their resulting mass spectra. 
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The kinetic part of a lagrangian for chiral multiplets in 
supersymmetric sigma-models in fom" dimensions is de- 
termined by the metric of the Kahler manifold 0, 
However, it is not automatically guaranteed that this 
metric is always invertible. In previous work it was 
found that the Kahler metric develops zero-modes in the 
vacuum: the metric for the Goldstone bosons and their 
fermionic partners vanishes. In 0| we have shown for 
a simple model that soft supersymmetry breaking terms 
can shift the minimum away from the singular point and 
provide a consistent mass-spectrum. In this letter, I in- 
troduce soft supersymmetry breaking terms in more real- 
istic models based on the coset spaces Ee/[SO{10) x U (1)] 
and SO{10)/U{5). 

From the point of view of unification the coset space 
SO{10)/[SU{5) X [/(I)] is a very interesting for phe- 
nomenological appUcations as both 50(10) and SU{5) 
are often used GUT groups 0. Since supersymmetric 
pure cr-models on coset spaces GJH of Kahler type, are 
known to be anomalous 0, S la 0j a- supersymmet- 
ric model built on the SO{10)/[SU{5) x U{1)] is not 
free of anomalies by itself as all the 10 anti-symmetric 
complex coordinates z*-' and their chiral superpartners 
'4'l (^'J ~ li-'-jS) of this manifold carry the same 
charges. To construct a consistent supersymmetric model 
on this coset one has to include the fermionic part- 
ners of the coordinates in an anomaly-free representa- 
tion. As SU (5) representations are not anomaly free 
by themselves, we have to use the full 50(10) represen- 
tations for our additional matter coupling in this case. 
This has been achieved in j^i] by introducing a singlet 1 
and a completely anti-symmetric tensor with 4 indices, 
which is equivalent to 5 to complete the set of complex 
chiral superfields to form a 16 of 50(10). The anti- 
symmetric coordinates of the coset are combined into 
a 10 of SU{5) with a unit C/(l) charge. An anomaly 
free representation is obtained using the branching of 
the 16. Indeed, its decomposition under SU{5) reads: 
16 = 10(1) -I- 5(— 3) -I- 1(5), where the numbers in paren- 
theses denote the relative U{1) charges. Therefore, the 



supersymmetric model on 5O(10)/?7(5) is defined by 
three chiral superfields {^"^^ the target manifold 
5O(10)/J7(5) is parametrized by 10 anti-symmetric com- 
plex fields z'^^ in a chiral superfield = {z"^^ , tjj^l , H^^ ) , 
to which are added SU{5) vector and scalar matter mul- 
tiplets denoted respectively by '^i — {ki,ujL i, Bi), and 

* = (/l,^L,F). 

The complete Kahler potential of the model is obtained 
using the method developed in fu\ llll | : 
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IC{z,z;k,k;h,h) = — ^Indetx + (detx) \h[ 
+ (detx)"'fcx-'fc 



(1) 



with the submetric = 15 + f'^zz. The dimensionful 
constant / is introduced to assign correct physical di- 
mensions to the scalar fields iz,z). The Kahler metric 
derived from this Kahler potential K. possesses a set of 
holomorphic Killing vectors generating a non-linear rep- 
resentation of 50(10): 

Sz = — X — z — zu + f zx^ z, 

Sh = 2tr{f zx^ ~ u^)h, 
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+ /zxt+tr(-w^ + /za;t)l5 . (2) 
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Here u represents the parameters of the linear diagonal 
U{5) transformations, and {x,x^) are the complex pa- 
rameters of the broken off-diagonal 50(10) transforma- 
tions. 

In order for the chiral fermions (V'^ ,ujLi,ipL) to have a 
physical interpretation as describing a family quarks and 
leptons, gauge interactions should be introduced. In this 
case supersymmetry implies the addition of a potential 
from elimination of the auxiliary fields by substitu- 
tion for the Killing potentials Tr, . We will consider 
two different options: gauging of the full 50(10) symme- 
try, and gauging of the stability subgroup SU{5) x U{1) 
only. We denote collectively the 50(10) gauge fields 
as Af_, = {U^,Wl,Wf,) with and the gauge 
fields corresponding to the broken 50(10) transforma- 
tions parametrized by {x,x^) and with /7^, the gauge field 
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of the diagonal transformations parametrized by u. This 
requires the introduction of covariant derivatives for the 
dynamical fields. We give here the covariant derivatives 
for the scalar fields only: 

D^k = d^k + g,ok(^fW^^z-Uj; 

D^h = d^h-2gwtT(^fW^^z-U^y. (3) 

For the Z?-term scalar potential we need the 5*0(10) 
Killing potentials. The full Killing potential A4 generat- 
ing the Killing vectors (O can be written as 

M{u, x\x) = tr (uMu + x^Mx + xMI^ , (4) 

where Mu is the U{5) KiUing potentials, and {Mx,Mxf) 
are the broken Killing potentials. The U{1) Killing po- 
tential Aiy is defined as the trace of U{5) Killing poten- 
tial A^u whereas the remaining SU{5) Killing potential 
Mt is defined as a traceless part of A^^: 

Mt^Mu-lMYt5, MY = trMu. (5) 
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The coupling of the gauge multiplets to the supersym- 
metric non-linear a-model on SO{10)/U{5) has interest- 
ing consequences for the spectrum. It can induce spon- 
taneous breaking of supersymmetry, and further sponta- 
neous breaking of the internal symmetry. For example, if 
we gauge the full SO{10), all the Goldstone bosons (z, z) 
are absorbed by the vector bosons (W^, W^,) which be- 
come massive. In this case we may choose to study the 
model in the unitary gauge z = z = 0. However, it was 
found in 3] that in this gauge, the Kahler metric devel- 
ops zero- modes in the vacuum: the metric Ga-z^izki 
the Goldstone bosons and their fermions vanishes. 

To see this, we start from the scalar potential. As 
already stated, we choose the unitary gauge: z = z — 0. 
Then the potential^ for the fully gauged S'O(IO) model 
reads 

Unitary = ^ (lO|/^P - ^ - 6|fcp) V^ff?0 (l^P) (6) 

From this we see that we only have a supersymmetric 
minimum if 



^ With the given field content, it is not possible to construct an 
SO(10)-invariant trilinear superpotential. Thus the full potential 
contains only a D-term potential. 



It can be seen immediately that this solution yields the 
vanishing of the Kahler metric: 




+fc('=%')fcj) = 0. (8) 

In this case the kinetic terms of the Goldstone super- 
field components vanish, therefore, mass terms for the 
50(10) gauge fields [W^, W^) vanish as well. Moreover, 
the theory becomes strongly coupled, with some of the 
four-fermion interactions exploding, namely: 

>C4-form = Rzzhh '^Ri'L 'pL'^R + pcmi. (9) 

with the curvature components given by 

(i?,,;,^) = (10) 

This may point to a restauration of the 50(10) symme- 
try. However, not all of the physics behind this model is 
as yet understood. 

To avoid the problem of vanishing of the Kahler met- 
ric, we shift the minimum of the potential away from 
the singular point by adding 5O(10)-invariant soft su- 
persymmetry breaking scalars mass terms 

Av^ = ^il {deixf\h\' + ^il {detxr'kx-^k (11) 

to the potential. As a result the minimum of the potential 
is shifted to a position where the expectation value of the 
Kahler metric is not vanishing; and the scalar h gets a 
vacuum expectation value 

breaking the linear local U{1) subgroup. The correspond- 
ing U{\) vector becomes massive; and the remaining vec- 
tors of SU{b) stay massless. In the fermionic sector, 
two Dirac fermions are realized as a combination of the 
fermions of the chiral multiplets with the gauginos. 

We now present details of the above mass spectrum. 
Since in general 5*0(10) is broken in the vacuum, the 
Goldstone bosons (z, z) are absorbed in the longitudinal 
component of the charged vector bosons, and we may 
choose the unitary gauge z = z = 0. Before comput- 
ing the mass spectrum of the theory, we first decom- 
pose the ?7(5) vector multiplet [/^ = {U^j,-^Rj) into a 
U{1) and 5C/(5) vector multiplets denoted respectively 
by A - (^^, A;^,) and V) = {V^.Ay-- 

V = U--Al5 tr(y) = 0, A = tr{U). (13) 
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It follows that the kinetic terms for the C/(l) multiplet 
are not canonically normalized. To obtain the standard 



3 



normalization, we redefine the U{1) multiplet according 
to 



(14) 



With the redefined fields, the part of the lagrangian that 
determine the mass spectrum of the theory; in the uni- 
tary gauge z — z — reads: 



(^d~k ■ dk + + + Cul^LU^L 
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+F^ ^{V) ■ F^ ,{V) -Xr<^Xb.^X},,,<?X 
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+2V2gioG,fe)^''^ f7A^''VL(fcO + h-c. 



2V2.gio 2V5uAfl,(/3L + h-c. 



(15) 



In this expression we have expand the full potential © 
and l(TT|l to second order in fluctuations p and k with 
scalar p defined hy h = {v + ■^p)e^^'*" around the ab- 
solute minimum (|12ll . The bosonic mass spectrum can 
be read off easily form the lagrangian H15|l: they read: 



p 10' 
1 ,3a*! 
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(16) 



In the fcrmionic sector, two Dirac fermions are formed 

[ill 

by combining the quasi- Goldstone fermions V'l and ip^ 
with the right-handed gauginos and 



^^^M + 1a^^1, (17) 



with masses: m,i, = 2g\i^v\f\Q and mA = The 
5 of the left-handed chiral fermions uJiL, the 10 of the 
left-handed gaugino's A^"*', and the Majorana fermions 
A^^- that are the gauginos of the unbroken Sl}(h) sym- 
metry remain massless. Notice here that in the limit 
/^i,2 ~^ and (7io = g\^ one gets the same massive mul- 
tiplets in the model with only gauged linear subgroup 
SU(h) X C/(l). The only difference is that in the case 
of gauged linear subgroup SU{5) x U{1) there are 20 



massless Goldstone bosons (z, z) , and their superpart- 
ners {^l,'4'l)', and no gauge bosons (W^, VF) of the 20 
broken generators of 5*0(10). (We have observed a sim- 
ilar thing to happen also in Eq/ SO{10) x C/(l) model 
discussed below.) 

As an alternative to gauging 5*0(10), one can gauge 
only the linear subgroup SU{b) x C/(l) instead. It is then 
allowed in this case to introduce a Fayet-Iliopoulos term 
with parameter ^. It turns out that the corresponding 
models are indeed well-behaved^ for a range of non-zero 
values of this parameter as show below. 

To determine the physical realization and the spectrum 
of the theory, we have to minimize the potential 
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V = ■^{^-^MYY + ■^t^{-^Mtf. (18) 
This potential has absolute minimum at zero if 



\z\^ = |fc|2 = 0, 
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(19) 



This solution is supersymmetric and spontaneously 
breaks U(l), whilst 5C/(5) is manifestly preserved. As 
a result, the U{1) gauge field A become massive with a 
mass m^ = m^ and the remaining vectors VJ^ of 5?7(5) to- 
gether with A/Iajorana fermions A)^ j that are the gauginos 
of unbroken SU{5) symmetry stay massless. The right- 
handed components of the gaugino A r combine with the 
left-handed chiral fermions ipL to become massive Dirac 
fermions with the same mass as the gauge boson A: 
m^ = m^ = m^ = AQgfv^. This establishes the pres- 
ence of a massive vector supermultiplet. 

We end this part of the letter by remarking that 
one can also consider gauging either the U{1) (35 = 0) 
or SU{5) {gi — 0) symmetry. In the first case when 
gauging only the C/(l) symmetry, the minimum potential 
is at the same point as in the SU{5) x U{1) gauging. 
Therefore the above discussion applies here and one gets 
the same spectrum with equal masses for the U{1) gauge 
multiplet. On the other hand, if only SU{5) is gauged, 
the potential reaches its minimum at z = k = 0. Then no 
supersymmetry breaking or internal symmetry breaking 
occurs and all particles in the theory are massless. 

We now turn our attention to another well known 
model with a phenomenologically interesting particle 
spectrum, defined on the homogeneous coset space 
^6/50(10) X C/(l) [H |i3- The target manifold 
i?6/5O(10) X U{1) is parametrized by 16 complex fields 
z" in a chiral superfield = {zajip^a, Ha) {a = 
1, 16), transforming as a Weyl spinor under 50(10). 



^ No subtleties occur in this case, since the model has a non- 
singular vacuum. 
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Their chiral fermion superpartners have the quantum 
numbers of one full generation of quarks and leptons, 
including a right-handed neutrino. To cancel the U{1)- 
anomaly the model is extended to a complete 27 of E^. 
According to the branching rule: 27 16(1) + 10(— 2) + 
j_(4), where the numbers in parentheses denote the rel- 
ative U{1) weights. With this choice of matter content, 
the cancellation of chiral anomalies of the full Eq isoni- 
etry group is achieved by introducing a superfield 
^'m = (iVm, XLm) {m = 1, . ■ . , 10) which is equivalent to 
a 10 of S'O(IO) with U{1) charge -2; and finally a singlet 
A = (/i,xl) of S'O(IO), with U{1) charge +A. 

The anomaly-free supersymmetric cr~model on 
Eq/[SO{IQ) X U{1)], is then defined by three chiral 
superfields ($Q,^m,A) with Kahler potential given by 



/C(cE>,$;^',«';A,A) = K„ + e 



\h\' 



+5m„iV™iV„e^/'^% (20) 

with K„ — z.[Q^^ ln(l + Q)].z, the cr-model Kahler po- 
tential. We have introduced a constant / with the di- 
mension m~^, determining the scale of symmetry break- 
ing Eq —^ SO{10) X U{1). The positive definite matrix 
Q is defined as 



(21) 



Here r+„ — TmnS^ are the generators of the 5*0(10) on 
positive chirality spinors of 5*0(10) 13], and is the 
10-D positive chirality projection operator. Furthermore 
gmn is the induced metric for the 10- vector representation 
defined by 



1 

16' 



tr gT(S„,0)tgj.(S]„0) 



(22) 



with gr — (lie + Q)^^- The lagrangian constructed from 
the Kahler potential (|20|l is invariant under a set of holo- 
morphic Killing vectors generating a non-linear represen- 
tation of Eq-. 
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,5^ 



Z-y Z§ 



6h 



-iVSONn - u. 



(23) 



where (5+,j = (5,„„(5+, and 6*, w„m, and e" are the 
infinitesimal parameters of the U{1), 5*0(10) and broken 
Eq generators respectively. The corresponding Killing 



potentials are 
= M,E 
1 



(24) 



with E and the a-model Killing potentials Mi = 
(Mg, M(™"), Af/^, Mp) given by 



) mna ■^^(T,'yi 



Mr, 



1 



a,f3 7 



(25) 



E 



\h\' + (ife 



2^6/-^ if. 



gmn A^m A^n 



Apart from the pure supersymmetric cr-model deter- 
mined by this Kahler potential H2(J|) . we consider mod- 
els in which (part of) the isometrics H23I) are gauged. 
As the Eq is broken, the Higgs mechanism operates as 
follows: the Goldstone bosons (z— , z") are absorbed in 
the longitudinal component of the charged vector bosons, 
and if the full Eq is gauged, we may choose the unitary 
gauge z— = Za = 0. To analyze the model in this gauge, 
we introduce the covariant derivatives for the dynamical 
fields. The expressions for gauge-covariant derivatives of 
the complex scalar fields read 



/ i 1 



jj,{mn) 



+§(y^..-^A^M2^z,z,)), 

D^h = a^/i-2i.g(V3A^-3/l^Za)/i, 

df,Nn + i\^gA^N„ + gA 
+ifgA^, ■ (r+„ - 36+ J ■ zN, 



(26) 



Here we have introduced the notation {Afj^a,A'^) for the 
32 charged gauge fields corresponding to the broken Eq 
transformations; ^^(mn) and Afj_ are the gauge fields for 
the remaining 5*0(10) and U{1) transformations respec- 
tively. 

Next we discuss in some detail the gauging of the 
full non-linear Eq and the resulting particle spectrum 
of the theory. We choose to study the model in the 
unitary gauge in which all the Goldstone bosons van- 
ish: z" — Za = 0. This implies that the broken Killing 
potentials and vanish automatically, leaving us 
with 50(10) and U{1) KiUing potentials Mg and Mmn] 
and the D-term potential reads 



(27) 



In the unitary gauge the potential becomes 
2 



^^nitary 



■(-i-=-2^/3|/lp + V3^K 

J ^ m. 
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(28) 



Minimization of the potential leads to the following set 
of supersymmetric minima characterized by the equation 



As expected the gauge bosons ^^[mn] of the non-broken 
50(10) symmetry remain massless. Analyzing the ki- 
netic and mass terms of the fermions one realizes that 
two massive Dirac fermions can be formed by combining 
the fermions of the chiral multiplets with two gauginos: 



|iV„iV„ - NnN„,\'' = 0, = ^ + i ^ |iV™p.(29) 



V2 



Ra 
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Q = \r~ iXL- (36) 



The value of the potential vanishes: {V) — 0, hence it is 
the absolute minimum of the potential. From (|29|l . it fol- 
lows that 7^ and the U{1) gauge symmetry is always 
broken; a solution with |iV,„| = is possible, preserving 
SO{10). However, this solution is not acceptable by it- 
self, as it leads to the to the vanishing of the metric of 
the cr-model fields 



(30) 



= 0. 



Hence the masses of the 32 Eq gauge fields A'^ van- 
ish, and the four-fermion term R^a,^!lh}^'4''R'^XLXR 
diverges, just like in the S'O(10)/C/(5)"-spinor model. 
Clearly, in this domain the model no longer correctly 
describes the physics of the situation (i.e., the correct 
vacuum and the corresponding spectrum of small fiuctu- 
ations). Therefore we add soft breaking mass terms for 
the singlet h and the vector Nm'- 

Vsoft= f^le-''''-\h\^ +tilg„,nN^N„e'^f'''% (31) 

to shift the minimum a way from the singular point. The 
full scalar potential with soft breaking term in the unitary 
gauge is then: 



V = Kinitary A^? | /l P + /i^ | W„ 



(32) 



We now determine the mass spectrum of the theory. 
As the complex scalar transforms only under U{1), we 
choose the unitary gauge for the U{1) symmetry, which 
allow us to write 



V2 ' 



(33) 



where k is the longitudinal component of the massive 
gauge field A^j^. Expanding the potential 1)32(1 to second 
order in p and in the complex fluctuations Nm around 
the minimum 



1 



\Nm\'=0, \h\'=v' = — 



t^i < (34) 



6/2 i2.g2 

one obtains the following bosonic mass spectrum: 



A. 

4/2 



1 /I 



N„ 



p\2 



(35) 



The masses of these spinors read: m|, = ^jj and m^j = 
2Ag^v^ . The 16 of the left-handed gaugino's Xlu and 
quasi-Goldstone fermions XLn remain massless, together 
with the Majorana fermions A™" that are gauginos of the 
unbroken 50(10) symmetry. Therefore, in this model the 
gaugino components Alo are now to be identified with a 
family of quarks and leptons, rather than the quasi Gold- 
stone fermions themselves. (We have observed a similar 
thing to happen also in the S'O(10)/C/(5)-spinor model 
discussed earlier.) 

The gauging of the 50(10) x U{1) symmetry instead 
of the full Eq gives analogous, but not quite identical, re- 
sults. Also in this case one finds the potential 1(2 7|l . but in 
general with different values gi and gio for the coupling 
constants of 50(10) and U{1). Except for special val- 
ues of the parameters, it has a minimum for the 50(10) 
invariant solution, with (zq) — 0; and again the metric 
becomes singular. One way to shift the minimum away 
from this point is by introducing soft breaking terms 1(31(1 . 
Another option is to add an extra Fayet-Iliopoulos term 
as the gauge group possesses an explicit U{\) factor. In 
the first case, one obtains similar mass spectra as in the 
model with fully gauged Eq, but with g = gi and only 
one massive Dirac fermion J7 defined in ((36(1 . The gaug- 
inos A"*" that are left over remain unpaired, and hence 
massless. Furthermore, the chiral fermions V'l and Xl 
remain massless. In the second case, for special values of 
the coupling constants gi and giQ , or the Fayet-Iliopoulos 
parameter ^, one can get different results. Since the 
50(10) and U{\) coupling constants are independent, 
one may choose to gauge only 50(10) (51 =0). In that 
case both supersymmetry and internal symmetry are pre- 
served, and the particle spectrum of a model contains of 
a massless 50(10) gauge boson, just like in the usual 
supersymmetric 50(10) grand unified models. 

Solutions with |A^m| breaking 50(10) are allowed, 
and expected in the next stage of the symmetry breaking. 
For example, 50(10) broken solution can be chosen as 

/7V,„ = (000000000 wio), 



(37) 



Since the complex scalar Nm gets a vacuum expectation 
value; this breaks the internal linear 50(10) symmetry, 
leaving only 50(9). As supersymmetry is preserved, one 
expects the spectrum of physical states to fall into su- 
persymmetric multiplets with vanishing mass supertrace. 
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Indeed the general mass sum ruie^ [illig leads to 

STrm^ = 2g^G^^ M^M^,n ^0. (38) 

In this paper, I have discussed in some detail the anal- 
ysis of of particle spectrum of supersymmetric cr-models 
on homogeneous coset-spaces Eq/ [SO {10) x U{1)] and 
SO{10)/U{5). I have analyzed the possible vacuum con- 
figurations of these models and investigate the existence 
of the zeros of the potential, for which the models are 
anomaly-free, with positive definite kinetic energy. The 
consequences of these physical requirements have been 
analyzed. We found that there exist supersymmetric 
minima for both these models when the full isometry 
groups Eq and 50(10) are gauged. The analysis is 
straightforward as one can employ the unitary gauge to 
put the Goldstone bosons to zero. In some cases, we 
find that the Kahler metre is singular: the kinetic energy 
of the would-be Goldstone modes and their fermionic 
partners vanishes in the vacuum. We showed by addi- 

^ As we have gauge the full Eg the standard linear Fayet— Iliopoulos 
term is of course absent. 



tion of soft supersymmetry-breaking mass parameters, 
that the minimum can be shifted away from the singu- 
lar point. The particle spectrum in the presence of soft 
supersymmetry-breaking mass parameters is computed. 

Continuing our line of investigation of the par- 
ticle spectrum of supersymmetric cr-models on 
Eg/[SO{10) X C/(l)], and 50(10) x U{1), we have 
also studied the possibility of gauging (part of) the 
linear subgroups, i.e., 50(10) x U{1) and U{5). In each 
of these models, we found that the properties of the 
model investigated depend to a certain extent on the 
value of parameters (gauge couplings, Fayet-Iliopoulos 
term.) We have obtained all supersymmetric minima, 
of which some are physically problematic as the kinetic 
terms of the Goldstone multiplets either vanish or have 
negative values. 

I thank J.W. van Holten and J. Babington for very useful 
suggestions and for reading the manuscript. 
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